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I. Introduction
Passive fluid-based systems represent a classical solution to many shock, motion, load and vibration control problems. From early military applications, they spread to aerospace, automotive and other industries. For instance, Duncan patented [1] a concept of the hydro-pneumatic shock absorber for aircraft landing in 1915 while a popular Houdaille-type automobile rotational liquid shock absorber was developed in 1920-ies [2] . In 1941, Igor
Sikorsky used adapted shock absorbers to stabilize the blade lead-lag motions [3] in his VS-300 helicopter rotor [4] . During this and following periods, numerous types of devices were proposed, developed and applied to improve or enable performance of aerospace and other engineered systems.
The presence of energy dissipation, stiffness and inertial effects in fluid-based systems poses both challenge and opportunity. On the one hand, it is not straightforward to design, model and later control the parameters and properties of such systems. On the other hand, the insightful exploitation of all three phenomena allows refined performance tuning and novel designs which are unattainable when considering only the individual aspects of fluid behavior. Responding to varying functional requirements, while exploiting comparable physical phenomena, various classes of devices can be identified. Fluid-based dampers increase overall system damping by producing the motion-opposing forces through fluid flow throttling or shearing effects [5] , [6] , [7] . Additionally, semi-active forms of these devices with adjustable properties were studied extensively in recent decades [8] , [9] , [10] . Another class of devices provides spring capabilities by exploiting fluid compressibility and other pressure-driven volumetric effects in loaded systems of varying complexity and composition [11] , [12] , [13] . The next class is represented by shock absorbers where stiffness and damping properties are integrated in one system to provide passive and often directionally asymmetric control of shock responses while, usually, offering a long stroke functionality in spatially constrained designs. These types of devices are frequently used in automotive suspension and aircraft landing systems [14] , [15] , [16] . Like their damper counterparts, semi-active control capability was considered in shock absorbers too, e.g. [17] .
A class of fluid-based devices which uses a combination of stiffness, damping and inertial properties can be used for dynamic tuning, vibration isolation and absorption [18] . There, resistance to changes in fluid motion conditions is the main driver behind induced inertial effects. The most widespread systems of this type are automotive engine mounts and suspension bushings [19] , [20] . Historically, systems of this type can be traced to naval [21] and aerospace [22] , [23] , [24] applications. In this class too, semi-active designs, e.g. [24] , and systems with advanced internal architectures, e.g. [25] , were considered. Moreover, inertial and compressibility effects can be important in all fluid-based damping and spring system models, e.g. [26] .
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Other, more elementary systems such as frequency-sensitive dampers and purely acceleration-sensitive devices were studied as well. The principles of frequency-sensitive fluid flow phenomena were discussed in [27] .
An early liquid-based concept was proposed in [28] as an alternative to the mechanical acceleration-sensitive flutter stabilization device [29] . Another aerospace application of mechanical acceleration-sensitive device combined with the kinematic liquid-based damping intensification was studied in [30] . Similar devices were studied more recently in the context of seismic protection [31] , [32] . Owing to the presence of friction effects in laminar, turbulent and mixed flows, whether intended or not, all practical fluid-based realizations of pure acceleration-sensitive systems will feature damping. An effort to understand and exploit inertia-driven effects in mechanics influenced research in system analogies [27] , vibration isolation [33] , [34] and, recently, car suspension design [35] . A concept of a device sensitive to the relative acceleration across its two attachment ends was presented and systematically studied in [33] . Its mechanical realization, similar to a concept presented in [29] , based on the translation to rotary motion transformation, was explored in the context of vibration problems in [31] , [33] . A concept of an ideal acceleration-sensitive device, named inerter, was recently studied in the context of mechanical network synthesis [35] and its proposed fluid-based forms were researched in [36] , [37] , [38] .
A baseline study for the present research is the work on semi-active fluid-based helicopter lead-lag dampers [10] . This work summarized the outcomes of the conceptual and experimental research [39] , [40] , [41] . The developed computational framework and experimental insights showed the importance and constraints arising from damper system dynamics. The importance of compressibility and its varying character was studied in [42] .
Early insights on fluid inertia effects in dampers and shock absorbers were given in [26] . Current research aims to extend previous research by modelling and studying the combined effects of damping, stiffness and inertia arising from fluid mechanics [43] . One objective is to develop the low order physics-based nonlinear mathematical model which contains all three main physical effects at the comparable level of modelling fidelity. To support this effort, another objective is to develop a proof-of-the-concept laboratory demonstrator which features substantial dissipative, compressibility and inertial effects. A simple device topology is used to minimize the modelling uncertainty and maintain the links with the principal physical effects of interest. The broader motivation behind this research is the development of a scalable device model, with the corresponding operational insights, which can be used, with a good degree of confidence, for the range of aeroelastic performance and stability studies.
This research also intends to develop a suitable predictive platform for the class of concepts outlined in [21] , [24] , [28] . Those works provided limited insights into physics and the modelling assumptions while focusing either on their design or linear performance. More recent research [31] , [32] , conceptually similar to [29] , studied Page 5 of 28 a combined hydro-mechanical design where the mechanical subsystem was the source of increased inertia. The first reported experimental results [38] confirmed previously anticipated dynamic behavior, e.g. [28] , for this class of liquid-based devices. The present work extends the model [39] and it uses the modelling arguments from [46] aimed at maintaining continuity of the flows in the modelled systems. Similar modelling approach can be seen in use in automotive liquid mounts and bushings, e.g. [44] , [45] . Here, a novel use of the constitutive compressibility law in its differential form is introduced and used to augment the pressure and flow state variables. Additionally, a modular frequency-sensitive damper design is proposed and implemented utilizing the design concepts from [41] . The 5-state nonlinear model is calibrated and then used to provide the insights associated with device specializations and its frequency-sensitive damping.
The paper is organized as follows: After an overview of the relevant concepts and published research, Section 2 introduces the studied system, its design and modelling principles. The main model of the device is discussed in Section 3 and Section 4 presents the case study which demonstrates the model's predictive capabilities and basic principles behind the device operation.
II. System design and modelling principles
A typical liquid-based vibration control device consists of a mechanical and liquid subsystem. The mechanical subsystem transforms the applied structure-device interface deformations or displacements to the volumetric and pressure perturbations in the liquid subsystem. The net pressure-induced reaction loads applied at the structuredevice interface influence dynamic response of the host structure. This research considers a basic two-chamber device configuration with a single interconnecting flow line or channel shown in Figure 1 . 12 , yy produce changes in the volumes 12 , VV which then cause the mass flow AB m in the flow line. These changes further cause fluctuations in the chamber pressures 12 , pp . The flow line, chamber properties and the applied displacements 12 , yy influence evolution of the pressures 12 , pp . These pressures cause the reaction forces developed at the structure-device interface.
The model shown in Figure 1 uses the lumped physical parameters to characterize the flow transmission path.
It combines a lumped parameter model of the flow transmission line [43] , [47] with additional pressure loss sources [48] . The liquid viscosity  is associated with resistive pressure losses due to internal fluid friction effects (such as those observed in the fully developed laminar flows). In the flow transmission model [43] , the density  is associated with the inductive pressure drop due to unsteady inviscid flows in the channel. Despite their inconsistency, the steady laminar and unsteady inviscid flow assumptions are commonly used to form a basic low frequency description of the flow dynamics in channels and ducts [47] . This model is further discussed in section III.B. Another source of the pressure losses which is associated with the fluid density originates from the resistive losses at inlets, outlets, bends and other flow irregularities which produce localized turbulent flows [48] . A final parameter which can be used in the flow line description is the fluid bulk modulus [49] . However, due to the line's assumed small volume, the corresponding compressibility effects are neglected in this study. The working volumes are the main source of compressibility effects through their effective bulk moduli 12 , BB. Finally, the model shown in Figure 1a ) does not predict the wave propagation phenomena and it is only suitable for the studies with the input frequencies significantly below the fundamental natural frequency of the flow line [43] .
To obtain a flexible and modular design configuration, the fluid line is implemented as a channel machined in an aluminum plate. A computer controlled milling is employed to create the required channel feature. In this case, the channel is produced according to the conceptual sketch shown in Figure 1b ). This channel introduces inertial effects to the system. One of the objectives of this research is to validate feasibility of this design concept. Figure   1b ) also shows an example of the working volume. Such volume can be implemented, for instance, using a mechanical cylinder where additional compressibility effects can arise from the built-in accumulator or structural elasticity. Further design-focused discussion is presented in section IV.
III. Device model A. Working volume dynamics
In general, the working volumes transform the imposed mechanical inputs, such as piston displacements, to This pressure-sensitive bulk modulus model of the liquid-gas mixture is specified for the assumed isothermal conditions, constant liquid bulk modulus and it has no capability to model gas or air dissolved in liquid.
Gholizadeh [50] further showed, after introducing a consistent definition of the air fraction 0 X , that this model is identical to other common bulk modulus models [49] , [51] . Research [39] showed that a combination of the damping and compressibility phenomena introduces significant dynamic effects such as the delayed unsteady responses and spring-like behavior. It is shown in [40] that the simplified linear version of such damper model is equivalent to the Maxwell viscoelastic unit. Research [42] showed that significant nonlinear compressibility effects can be modelled and useful insights can be obtained with the help of a basic single-state damper and pressure-sensitive bulk modulus models.
The assumption of compressible medium implies that the changes in its density need to be known to predict the pressure and flow dynamics in the system. Equation (1) 
According to equations (1) and (3), the state of the lumped working volume is described by its pressure () pt and density () t  . These two equations will be used to develop the model of the device.
B. Flow line pressure drops
The fluid subsystem considered here consists of the single flow channel where the incompressible lumped parameter mass flow model is used. It is assumed that the channel produces both inductive and resistive pressure changes [43] . The total pressure drop across the channel is 
where k, k g , k  represent the contributing partial resistive pressure losses, m is the mass flow rate. These parameters can be obtained through parameter identification, e.g. [40] , when accurate modelling is required.
Alternatively, for design purposes, they can be based on models of the Hagen-Poiseuille laminar flows; shearing viscous flows in narrow cavities and ducts [6] ; formulations based on the Blasius correlation for turbulent flows 
and 12 , gg depend on the liquid physical and channel geometric properties.
In Figure 1 , a discrete element which represents the overall inductive properties of the channel is connected in series with the resistive elements. This lumped parameter model, e.g. [43] , [47] , [52] , is applied here. The corresponding pressure change is 
Equation (6) represents the basic model of the channel flow dynamics. It relates the pressure drops with the mass flows in the channel. This model can be used for low frequency conditions with the input frequencies significantly lower than the fundamental natural frequency of the flow line [43] , [47] . To obtain the initial performance of the device, an assumption is made where [40], [42] . Alternatively, other refinements can utilize higher fidelity flow models, for example, those based on the relaxed assumptions pertaining the specifics of the cross-sectional flow rheology, [53] .
C. System equations
Using the concepts presented above, a mathematical model for the final device configuration, In order to fully describe the changes in the working volume states, equation (3) is expressed for each working volume and combined with equations (7). The density evolution equations for each working volume are  is the nominal density of the working liquid. Similar lumped parameter modelling considerations were discussed in [46] . An alternative approach could use the pressure loss models developed for pneumatics applications or more detailed distributed flows [43] .
Equations (7), (8) and (9) 
The initial conditions can be written as 0

, where 0 p , 0  represent the initial or reference pressure and density, respectively. Equation (10) represents a nonlinear dynamic system and it is expressed in the standard form ( , ) ( , ) tt = M x x f x . The time-dependent function () P yt represents the controlled system input.
Neglecting friction and piston inertia, the system output can be modelled as the force
D. Selected special cases and their physical interpretation
Model (10) can be specialized to represent some previously developed models of vibration control devices.
Initially, inertial effects are neglected by assuming 0 can be shown that this model is the same as the full order damper model presented in [46] .
Further specialization of model (11) can be achieved by assuming . 
Equation (13) 
When comparing models (13) and (14), it can be seen that these models are identical if (14) is not conserved. As a result, previous research, e.g. [46] , explained that model (14) features non-physical responses such as the drifting states and negative pressures.
To circumvent this problem and because the net pressure applied to the piston is usually of interest, model (14) is reduced so that only the differential pressure state 
Equation (16) was used to form a part helicopter lead-lag damper model in [54] . Models (15) and (16) . Model (15) and its variants are implemented in the helicopter aeromechanics simulation codes R150 [10] , CRFM [55] , RCAS [56] .
Further analysis of model (10) is aimed at its inertia-sensitive specializations. In this analysis, it is assumed that the bulk moduli are constant, . 
The differential pressure The final model simplification can be achieved when assuming an inviscid flow, i.e. 1 0 c = . Then, the force induced by the relative piston acceleration
Model (17) is analogous to the models used for hydraulic engine mounts and suspension bushing, e.g. [25] , [44] , [45] . Model (18) represents the extended form of the single-state damper model [10] augmented with an inertia-sensitive channel. Model (19) shows that the induced force caused by a liquid channel is equivalent to a damper and inerter connected in parallel. These insights offer useful perspective on alternative designs, suitable phenomenological models and equivalent mechanical representations. In particular, models (19) and (20), in combination with all their underlying assumptions, provide useful links between the ideal devices and their practical realizations.
IV. Case study
This case study demonstrates the proposed model and basic device functionality. A laboratory device demonstrator is first introduced and then tested. To obtain a suitable computational reference configuration, the model is calibrated against the experimental data. After this, the calibrated model is used in the parameter specialization and dynamic performance studies.
A. Device design
A double-acting cylinder is used to implement the concept shown in Figure 2 . The resulting device architecture is provided in Figure 3a ). Its physical implementation, which combines the cylinder and hydraulic manifold with the machined flow feature, is shown in Figure 3b ). 
C. Model calibration
The aim behind the use of the proposed demonstrator is twofold. Firstly, it is used to obtain the data for model calibration. In this way, the reference model will be established for the following analyses. Secondly, by implementing and testing the proposed design, Figure 2 , and later using the obtained measured data for model calibration, the proposed modular device architecture will be validated. The model parameters are summarized in Table 1 Whilst not a performance-critical part of the concept, it is useful to discuss friction effects which occur in the system. These effects are assessed based on slow harmonic piston motion experiments. Figure 4 shows the measured responses at frequencies 0.25 and 0.5 Hz and amplitude 2 mm. In Figure 4 , a pre-slide friction stage, associated with motion reversal, is followed by locally negative damping . Similarly, the channel entry and exit turbulent pressure losses [43] are used to obtain the initial 2 c , where In line with standard hydraulic practice, e.g. [43] , in this work, this parameter has a constant value in the tested frequency range. Model (10) is used together with parameters from Table 1 and Figure 5 and the multipliers are included in Table 2 . The eight measured test cycles are shown to illustrate the periodic steady-state device behavior. To confirm the objectivity of the calibration process, an independent analysis is completed using the second data set. The results of this validation study are presented in Figure 6 . The same presentation style is used to show the results. As before, the main difference is found in the zero-velocity regions which feature the gradual rather than the modelled abrupt force transition due to friction. However, overall, Figure 6 confirms that significant performance prediction improvement can be achieved when using the calibrated parameter values.
Figure 6 Calibrated model validation with 4 Hz and 2 mm harmonic input
Overall, a good agreement is achieved between the model and experiment. Equations (10) and its calibrated parameters in Table 2 provide the representative model of the device and its laboratory demonstrator. This model is used in the following parametric and performance studies.
D. Device performance analysis
Initially, the model is studied using the parameter changes which produce the specialized stiffness, damping and inertia-dominated responses. This is achieved by changing the parameter values in model (10) while maintaining the model structure. This approach demonstrates the model's response range under parameter changes which can support an automated and systematic exploration across a wide range of device types in optimal design setting. After this, to illustrate the frequency-sensitive behavior, two model configurations are selected and explored across a range of the excitation frequencies. This study compares the generalized device responses with those corresponding to the standard liquid-based viscoelastic damper, e.g. [40] . The influence of nonlinearities is also briefly discussed.
The volumetric fraction of air is used to modify stiffness properties, the flow coefficients are used to change damping and the fluid inertance is used to influence inertial effects. Table 3 this, two additional parameter configurations specified in Table 3 are used to complete the dynamic performance comparison study. Figure 7 to Figure 9 show the results of the specialization studies. All figures include the reference case based on the adjusted calibrated parameters (see reference design in Table 3 The next study demonstrates a more complex frequency-sensitive device behavior. The responses for two different device configurations described in Table 3 are compared. The configuration with increased flow inertia, denoted Device A in Table 3 , is studied in Figure 10 . The configuration with reduced inertia and denoted Device B in Table 3 is then presented in Figure 11 . A constant piston excitation amplitude of 1.5 mm is used together with the input frequencies of 1, 2, 4 and 7 Hz. These parameters are selected such that the key response features can be illustrated and discussed. frequency-sensitive, and therefore also frequency-selective, vibration control behavior [28] . In this way, through design and dynamic tuning, the fluid-based dissipation mechanism can be focused to influence selected regions of interest in the frequency domain. For case with reduced inertia effects, Figure 11 , the system behaves as a traditional damper with compressible liquid [10] . As the peak loads increase with the increasing excitation frequencies, the initial damping-dominated responses change to the mixed viscoelastic and later stiffnessPage 25 of 28 dominated responses. These changes can be seen in the displacement-force and velocity-force domains when comparing the dynamic and ideal device responses.
Owing to the presence of the significant non-linear physical mechanisms, further understanding of this device can be developed using methods of nonlinear dynamic system analysis. Alternatively, to gain further understanding of the links with classical concepts such as tuned dynamic absorbers, various reduced order and linearized device models can be studied with the help of transfer function methods in the frequency domain.
V. Conclusion
This research presents a detailed modelling study of the liquid-based vibration control device which can possess a balanced combination of fluid-based damping, stiffness and inertia properties. A detailed discussion of the modelling choices is presented. It is shown that the developed 5-state nonlinear dynamic model can be reduced, using various appropriate specialization assumptions, to represents a range of previously introduced vibration control device models. To establish a realistic reference parameter set, this model is successfully calibrated and assessed using the data collected during the experiments completed on the novel laboratory concept demonstrator.
Using the established model and the calibrated parameter set, the key performance modes are discussed. It is shown that the model enables parametric modifications which can be interpreted as device specializations. The implications of such demonstration are theoretical, computational and practical. Suitable changes in the model parameters can alter the identity of the device significantly and enable optimal design under varying conditions or criteria. Furthermore, it is also shown that the device features frequency-sensitive and therefore frequencytunable behavior. Consequently, such behavior opens the practical routes toward frequency-selective energy dissipation and vibration absorption. This capability is desirable in applications where classical liquid devices such as dampers produce excessive loads, for instance, at low frequencies associated with flight control subsystems.
